Proof. Let/be any bounded linear mapping from E to Fand let V be any open neighbourhood of the origin in F. Also let N = f] {XV: A > 0}. The first step is to show that, if/ a is the restriction o f / t o E a , regarded as a subspace of E, then /,(£") £ N for all but finitely many a. If not, there would exist a sequence (a(n)) of distinct indices and points x a(n) in E x{n) such that fu(n)( x a(n))$ n V> then/would map the bounded subset {x a(n) :/i = 1,2,...} of £ into an unbounded subset of F.
Thus/can be expressed in the form
where p a denotes the canonical projection of E onto E a , and h is a linear mapping of E into F taking each E a into N. Now each / a ( r ) is bounded and E alr) is F-bornological, so that / a ( r ) is continuous. Thus g is continuous and so there is a neighbourhood U of the origin in E mapped by g into V.
If we can show that h(E) ^ N, it will follow that
and we shall have proved /continuous, as required. Suppose, then, that h(E) is not contained in N. For each subset / of /, let h } denote the restriction of h to the subspace of E. Let si be the set of all / for which hj(Ej) is not contained in N. By the hypothesis just made, / is in si, so that si contains at least one filter, namely {/}. Since the union of any chain of filters on / is a filter on /, it follows from the axiom of choice that si contains a maximal filter OF. In fact OF is maximal also in the set of all subsets of /, so that 2F is an ultrafilter on /. To see this, suppose that JKJK is a partition of / into disjoint subsets. If JnA is in si for every A in J The next step is to show that 2F is a <5-ultrafilter, i.e. that, if each J n belongs to P, so does their intersection J. For this, it is sufficient to show that / meets every set of the ultrafilter 3F. Suppose, on the contrary, that there is a set A of J* disjoint from /, and put
Then, for each n, K n is in OF and so there exists a point x n in E Kn such that h{x n )$nV. Now the sets K n are decreasing and their intersection is empty, by hypothesis. Thus, for each a in /, p a (x n ) = 0 for all but finitely many integers n, and so {x n } is a bounded set in E. But h =f-g is a bounded linear mapping of £ into F, carrying this bounded set into the unbounded set {/iCO}-This is a contradiction and shows that JnA cannot be empty, as required.
We can now invoke the Mackey-Ulam condition on / ; there is an element ft of I such that {/?} e SF. But then {0} e s/, contrary to the fact that h maps E p into N. Thus h(E) E N and the proof is complete.
3. Further remarks. If, in the theorem, the £ a are all assumed to be locally convex and F is allowed to range over all locally convex spaces, we obtain the usual result about a product of bornological spaces. If, instead, F ranges over all semiconvex spaces, we obtain Iyahen's result [2] . If F is unrestricted, we obtain the following theorem. Suppose that the indexing set satisfies the Mackey-Ulam condition and that each E a has the property that every bounded linear map from £ a to any topological vector space is continuous; then the product of the E x has the same property.
If there exists a set / so large that it does not satisfy the Mackey-Ulam condition, the space R' is not bornological and this fact can be used to show easily that any product of (nonzero) locally convex spaces indexed by / also fails to be bornological. The situation for general topological vector spaces is complicated by the fact that there may not exist any nonzero continuous linear mappings from the E a into F. (This will be the case, for example, when £ a has zero dual and F is locally convex.) However, it is possible to demonstrate the following result, which gives a partial converse for the theorem. PROPOSITION Proof. We shall construct a nonzero bounded linear map / from £ to F, vanishing on each E x . If such a map were continuous, it would be a finite linear combination off a »p x , in the notation of the proof of the theorem. But this would make/zero: hence / i s not continuous and E is not .F-bornological.
To construct/ take a free (5-ultrafilter 3F on /. For each <xe/ and each x = (x a )eE, put and let 3?(x) be the image by the mapping a-» <j>(a,x) of the filter 2F. Then ^S{x) is easily verified to be the base of a 5-ultrafilter on F. This 5-ultrafilter cannot be free and so it contains a single-point set, {/(x)}, say. The linearity of the mapping x->0(a,x) now ensures t h a t / is a linear map of £ into F. Now take any ael; if every set of & contained <x, the filter generated by {a} would be a refinement of 8F and so identical with it, and OF would not be free. Hence there is a Je OF with a$J. Now if xeE a , x fi = 0 for /? # a and so
